In a recent note in these Proceedings,' we have discussed existence theorems for a general class of boundary-value problems for elliptic partial differential equations, basing our argument upon general a priori estimates for the LI and Holder norms for the highest order derivatives appearing in the differential operator. We mentioned at the beginning of that discussion that the techniques which we were applying yielded much sharper information for the case of the Dirichlet problem for a strongly elliptic operator (and indeed, for a whole class of related problems which we shall describe in another place). It is the purpose of the present note to develop some of these sharper results. As before, we make minimal assumptions on the continuity and regularity of the coefficients of our differential operator, and obtain results both in the case of bounded and unbounded domains.2 Let A = EZaj < 2m aa(x)Da be a differential operator of order 2m, (m > 1), whose coefficients are complex-valued functions defined on an open subset G of the Euclidean n-space E' with boundary r. Here, as in our preceding note, for each ordered n-tuple a = (a, . . . , aan) of nonnegative integers, we set D' = [(1/i) (/Ixn) ]" . . . 1(1/i) (6/1xn) ]anx a = E 7 I. as. For each n-vector t = (Q1, . . . , in) we set a = ((%,)ai . . . , (Q)"n). The characteristic form a(x, t) of A is defined for x in G and any real n-vector t by a(x, t) = EZal = 2maa(x)t'.
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The partial differential operator A is said to be uniformly strongly elliptic on G if there exists a constant c, > 0 such that Ret a(x, t)} 2 cl I t 2m for all x in G and all real n-vectors t. I A will be said to be essentially real if the top-order coefficients aa for a = 2m are real-valued functions on G.
Our basic regularity assumptions on the coefficients of A -and on the domain G are the following:
(I) G is uniformly regular of class C2n. ( For the details of the definition of uniform regularity of G, we refer to our preceding note.') (II) The coefficients aa of A are uniformly bounded on G for all a.
(III) The top-order coefficients aa of A for a = 2m are uniformly continuous on G.
The formal adjoint A' of A is defined in general as a differential operator with coefficients which are distributions of order at most 2m -1, by A'u = EZal < 2m Da(aa(X)U) = Elal <2mca'(x)Da, for u in Cc (G), the family of infinitely differentiable functions with compact support in G. The coefficients of A' can be expressed by the Leibniz formula as linear combinations of derivatives of the a,. ID some, though not all, of our results, we shall utilize the following assumption on the coefficients a,'': 1423 (IV) There exists a constant M > 0 such that I aa' (x) < M for all a, almost everywhere in G.
We are interested in studying the spectrum and the resolvent of the differertial operator A realized in L2(G) (and more generally in L'(G) for 1 < p < ca) with domain consisting of functions satisfying null Dirichlet boundary conditions on r in a suitable extended sense.
We recall the definition of the Dirichlet problem in its precise terms. We consider the Sobolev space W1m "(G) which, for each p with 1 < p < c, consists of all u in L-(G) for which all the distribution derivatives Dau also lie in LP(G) for Ia | < 2m. This linear subset of LP(G) becomes a reflexive Banach space with respect to the norm II8lp2m, P = IElal . 2mIIDauIILPE()}G/p* Under the assumption of regularity (I) upon the domain G, it follows that, if R(G) is the subfamily of W2m' P(G) consisting of the restrictions to G of infinitely differentiable functions with compact support in E', then R(G) is dense in W21 P(G), and in addition, the mapping which assigns to each function u in R (G) the corresponding function Du Jr on r for a fixed j8 with | < 2m, is a bounded linear mapping from the dense subset R(G) of W21n P(G) into LP(r), where the latter space is taken with respect to the (n -1)-dimensional volume induced on r by En. If we continue to denote the unique continuous extension of this linear map to a linear mapping from W2m P(G) into LP(r)
by DI Ir, we may formulate the following definition: The basic a priori estimate upon which our discussion is based is the following:
There exists a constant k, > 0, depending only on the constant of uniform ellipticity cl, the bounds of (II) and the modulus of continuity in (III) as well as p, such
Remark 2: The inequality (1) implies immediately that Ap is a closed operator from LP(G) into LP(G). Indeed, for a single differential operator A (omitting the dependence of kp upon the regularity conditions), it is equivalent by the closed graph theorem to the fact that Ap is closed.
Our objective in the discussion which follows is to prove the following theorems: THEOREM 1.-Let A be an uniformly elliptic partial differential operator of order 2m on a domain G of E', with A and G satisfying the regularity conditions (I), (II), and (III) above. Then: (a) Given E > 0, there exists k(e) > 0, such that for all real numbers t and all u in D(A2).
If, in addition, the domain G is bounded, the resolvent set of Ax, for every p with 1 < p < a, eventually contains every ray in the complex plane emanating from the origin and making an angle of less than 7r/2 with the negative real axis.
(c) If in addition, G being bounded or unbounded, the coefficients of the top order terms aa of A (I a = 2m) satisfy an uniform Holder condition on G, then there exists a constant X with 0 < X < 1 and a constant k1 > 0 such that for all u in D(A2), ( 02),
. In this case, if G is bounded, then for g on the spectrum of A p,
where A' is a constant with 0 < X' < 1.
(d) Suppose that the coefficients of the adjoint operator A' to A satisfy the regularity assumption (IV) above, r locally of class 4m, and that our previous hypotheses are verified. Then, G being bounded or unbounded, the resolvent set of A2 contains a left half-plane Re(r) > k, for some constant k, and on the real axis for t > k,
Suppose that A and G satisfy condition (I), (II), and (III), and that G is bounded. Then for t large and negative, (Ap -tI)-1 exists and is a compact linear transformation in LP(G). In particular, the spectrum of Ap is discrete, the eigenspaces are offinite dimension, and (Ap -DI) -I exists if (A,, -RI) has a trivial null-space. THEOREM 3. Suppose that A and G satisfy the regularity conditions (I), (II), and (III), where A is uniformly elliptic and essentially real on G. Then given e > 0, there exists k(e) > 0 such that for r complex with Re(r) 2 0, u E D(A2),
In particular, if G is bounded, the spectrum of Ap for all p with 1 < p < co, lies in afixed half-plane Re(r) > k4. We shall prove Theorems 1, 2, and 3 in their general form, but Theorem 4 only for p = 2. The proof of the latter result for general p will be given in another place. For these proofs, we shall make use of Theorems 5 and 6 below, which we have previously announced and whose proofs we sketch below. Some of the details of the proof of Theorems 5(b) were given in ref. 1 (essentially the complete proof for p = 2, or for G bounded) and we present only that portion of the argument for general p and G which was omitted there for lack of space. For the proof of (1), let G1 be a bounded uniformly regular subdomain of G having a portion F' of its boundary rI contained in r. We define two operators A2, e and Choose a > 0, and a corresponding partition of unity {4,'jl as above. We have:
(Au, u) = EJEIal < 2m (aa(x)DG(1j2u), U). 
where |R1(u) < ki E2m-1 6-2mIIUI1r 211U11 (6) |R2(U) < k2W (6) (2), (3), (5), and (6) that JJ(Au) + tU)112 > COIIU1IJm,2 -kIlU112 + 021IUI12 -tk2W(6)11UII2m, 2IUIl-ki EZ2m1-1 6-2mIlU IrI 21|U I. (7) It follows from an elementary analytic argument that there exists a constant k3 such that for all u in WIM, 2(G) on 0 < r < 2m, U11ur, 2 < k31uIIj/2m2.llU~j(2m-r)/2m (8) Using (8), we see that (kjiar-2m11ulUr, 21U11 < {k 6'r-2m 11u11r/2M " UI(4m -r)/2m < 4*2m llu ll2m, 2 + 2 llul12 + k45 -4mem/(2m7) llu 12. (9) Under the hypotheses of Theorem 5(a), w(b) --0 as 6 -a 0. Let e > 0 be given, and choose 6 so small that w (6) Summing (9) over r from 0 to 2m -1, and combining the result with (7) and (10), we obtain, I I (Au + (U)112 > 12 II|m, 2 + ((1 -)02-K(E, 6))IuI2 1 (11) where K(e, 6) is bounded by a rational function of E and 6. In particular, dropping the (2m)-norm of u and taking the square root of both sides,
and 1 (a) is proved. For the proof of Theorem 1(c), we remark that if the coefficients of A of highest order are Holder-continuous, the function w(b) is bounded by a power of 6. In that case, Ki(e) may be taken in the form k5E-' for some positive M. We have, therefore, || (Au + {u) || > { (1 -E)t -k5-} lull.
Choosing e = '/2 for r < 2, e = t-'/(,u + 1) for > > 2, we have the inequality of Theorem 1(c) withX = 1/(r + 1).
The further conclusions of (b) and (c) of Theorem 1 for r real follow from Remark 3 and Theorem 5(a). The conclusions on the location of the spectrum follow from the first resolvent equation for closed operators.
We shall obtain Theorem 1(d) by means of the following result which is of interest in its own right: THEOREM 6. Suppose that A is an uniformly elliptic differential operator on G, with the boundary r of G locally of class C46, and A and G satisfy the regularity and boundedness conditions (J), (JI), (III) , and (IV) above. Then:
(a) There exist constants c > 0, k > 0, such that for all u in D(A2),
Re(Au, u) > CIII|U2, 2 -kilUI1122 (b) If A is formally self-adjoint, i.e., A = A', then A2 is a Hermitian operator in L2(G), which by (a) has its spectrum bounded from below on the real axis.
Proof of Theorem 6: Consider the differential operator H = '/2(A + A'). H is formally self-adjoint, and the hypotheses (I), (II), (III) , and (IV) on A imply the corresponding facts for H, which in addition is uniformly elliptic on G since its top-order coefficients are the real parts of the corresponding coefficients of A. Hence by Theorem 5(a) for p = 2, if H2 is the realization of H in K2(G) under null Dirichlet boundary conditions on the boundary of G (in the sense which we have defined above), then H2 is a Hermitian operator, i.e., H2* = H2. On the other hand, by Theorem 1(a) which we have already established, II(H2 + {I)uII . hull for t sufficiently large and positive. Since H2 is closed, it follows from this latter fact that for such I, the range of (H2 + {I) is closed in L2(G). Since (H2 + (I)* = H2 + {I, the orthogonal complement of this range is the null-space of H2 + aI, which by the inequality is trivial. Hence (H2 + SI) 1 exists on all of L2(G) for r large and positive, and H2 must be bounded from below (in the By theorem 6(a), Re(Au, u) 2 -k(u, u). Hence for t . 0, hl(A2 + j)l11 2 (> 2 -2kt -k)llu112 > (-k6)2 -k72 1u 112. Using the fact that (a2 -b2)12 > a -b if a > b > 0, we obtain I1(A2 + tI)U > -k6 -k7) IuII. By the same argument, I|(A2 + tI)uII > ( -k6 -k7) ull.
The first inequality says that for t > k6 + k7, the range of A2 + (I is closed. Its orthogonal complement is the null-space of (A2 + (I) | = A2' + (I, which by the second inequality is trivial under the same restriction on t. Hence, (A2 + {I)1 exists for t > k8 = k6 + k7, and satisfies the inequality II(A2 + (')-'11 < ( -k8)-1.
The assertion that the spectrum lies in a right half-plane follows once more from the first resolvent equation for closed operators.
Proof Combining these inequalities, we obtain II(A2 + DI)UII > (j¢j -k6l1lX2 -k6)IjUII- (16) As before, we see that the range of (A2 + U) is closed for k-sufficiently large in the half-plane Re(v) > 0. The parallel inequality for (A2' + RI) implies that the range of (A2 + UI) is all of L2(G), while (16) implies for such r that (A2 + UI)-' exists and is a bounded operator. The assertions about the position of the spectrum follow from the inequality (16) and the first resolvent equation.
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Our results have to do largely with the cases in which the spaces X are simple closed curves and the mappings are nontopological open mappings. Application is made to the case where X is an arbitrary 2-dimensional manifold. Proofs for the main theorems are only sketched in this paper and are complete only for the cases of circles, although the statements are made in their full generality. Detailed proofs will follow in a later article.
2. Altitude Norms. If J is a simple closed curve and a, b, and c are any three points on J we denote by 5(a, b, c) the smallest of the distances p(a, bc), p(b, ac), p(c, ab), where bc is the arc of J not containing a, and so on. We then define the altitude a(J) of J as the least upper bound of the aggregate [6(a, b, c) 
